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Robustness versus consistency in ill-posed statistical problems problems

Parametric Statistical Problem:

21,0 Zy o~ Py iid.

Parametric Model:

PocP = {P|0coO)
Goal: Estimation of the true p € ©
Functional Formalization:

T: P >R, Py

Example: Py = N(0,1), 0 = T(Py) = [ z Py(dz)
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Robustness versus consistency in ill-posed statistical problems problems

Non-Parametric Statistical Problem
Zi,....Zy ~ Py iid.

Non-Parametric Model:
Po € P = a large set of probability measures
Functional Formalization:
T: PR Pw TP

Goal: Estimation of T(Py)
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Non-Parametric Statistical Problem
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Robustness versus consistency in ill-posed statistical problems problems

Non-Parametric Statistical Problem
Zi,....Zy ~ Py iid.

Non-Parametric Model:
Py € P = a large set of probability measures
Functional Formalization:
T: P = F, P — T(P)
Goal: Estimation of T(Py)
Example: T(P) = the A-density of P

P = {P ‘ P has a )\—density}
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Robustness versus consistency in ill-posed statistical problems problems

Non-Parametric Regression
(X, Y4), .o (X, Yn) ~ Po  iid.

Regression:

y,':fb(X,')—i—E,', i€{17--'7n}

Functional Formalization:
T: P — F, P — T(P)
» F = a large set of functions f : x — f(x)

» T(P)=1f: x— [yP(dy|x)
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Robustness versus consistency in ill-posed statistical problems problems

Non-Parametric Classification

X, Y1) (X, Ya) ~ Po iid.

Classification:

Y. € {0,1}, iefl,...,n}

Functional Formalization:
T: P — F, P — T(P)
» F = a large set of functions f : x — f(x)

» T(P)=f: x—P(Y=1|X=x)
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Robustness versus consistency in ill-posed statistical problems problems

Good Estimators
Observations: 7Zy,...,7Z, ~ Py ii.d.
Statistical functional:
T:P—=F, P T(P)

Goal: Estimation of T(Py)  (the true Py is unknown)
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Good Estimators
Observations: Zi,...,Z, ~ Py i.i.d.
Statistical functional:
T: P — F, P — T(P)
Goal: Estimation of T(Py) (the true Py is unknown)
Desirable properties of an estimator
S, : Z2" —» F, (z1,---,2n) = Sp(z1,---,2n)

are
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Robustness versus consistency in ill-posed statistical problems problems

Good Estimators
Observations: Zi,...,Z, ~ Py i.i.d.
Statistical functional:
T: P — F, P — T(P)
Goal: Estimation of T(Py) (the true Py is unknown)
Desirable properties of an estimator
S, : Z2" —» F, (z1,---,2n) = Sp(z1,---,2n)

are
» Consistency: S, P, T(Po) for n — oo

» Robustness
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Robustness versus consistency in ill-posed statistical problems problems

Qualitative Robustness

Small errors in the data should not change the results too much.
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Qualitative Robustness
Small errors in the data should not change the results too much.

» “Small errors in the data”
» Small errors in many of the data points (rounding etc.)
» Large errors in a few data points (gross errors, outliers)

Robert Hable LMU Munich Page 06



Robustness versus consistency in ill-posed statistical problems problems

Qualitative Robustness
Small errors in the data should not change the results too much.

» “Small errors in the data”
» Small errors in many of the data points (rounding etc.)
» Large errors in a few data points (gross errors, outliers)
» “should not change the results too much”
i.e.: the distribution of the estimator is hardly affected

(distribution of the estimator = performance of the estimator)
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Robustness versus consistency in ill-posed statistical problems problems

Qualitative Robustness
Small errors in the data should not change the results too much.

» “Small errors in the data”
» Small errors in many of the data points (rounding etc.)
» Large errors in a few data points (gross errors, outliers)

» “should not change the results too much”
i.e.: the distribution of the estimator is hardly affected

(distribution of the estimator = performance of the estimator)
Qualitative Robustness: (Hampel ,1971)

A sequence of estimators (S,)nen is called qualitatively robust if
VP Ye>0 30 >0 such that VQ with dp,o(Q,P) < §
sup dpro(Sn(Q"), Sa(P")) < €

neN
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Robustness versus consistency in ill-posed statistical problems problems

Qualitative Robustness — Parametric Example
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Robustness versus consistency in ill-posed statistical problems problems

Qualitative Robustness — Parametric Example

"mean” applied in 1000 runs
each run consists of a sample with 500 data points

Mean, n=500
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Robustness versus consistency in ill-posed statistical problems problems

Qualitative Robustness — Parametric Example

"median” applied in 1000 runs
each run consists of a sample with 500 data points

Median, n=500
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Robustness versus consistency in ill-posed statistical problems

Qualitative Robustness — Non-Parametric Example

Regression:
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Qualitative Robustness — Non-Parametric Example

Regression: k-nearest neighbor
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Qualitative Robustness — Non-Parametric Example

Regression: k-nearest neighbor
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Robustness versus consistency in ill-posed statistical problems

Good Estimators
Observations: Zi,...,Z, ~ Py i.i.d.
Statistical functional:
T: P — F, P — T(P)
Goal: Estimation of T(Py) (the true Py is unknown)
Desirable properties of an estimator
S, : Z2" —» F, (z1,---,2n) = Sn(z1,---,2n)

are
» Consistency: S, P, T(Po) for n — oo

» Robustness
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Robustness versus consistency in ill-posed statistical problems

[ll-Posed Statistical Problems

P a set of probability measures
JF ' a metric space

Dey & Ruymgaart (1999):

» The statistical problem
T: P — F, P — T(P)
is well-posed if T is continuous. That is:

if P, == Py then [|imT(P,) = T(Po)
n—

» The statistical problem is ill-posed if T is not continuous.
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Robustness versus consistency in ill-posed statistical problems

[ll-Posed Statistical Problems

P a set of probability measures
JF ' a metric space

Dey & Ruymgaart (1999):

» The statistical problem
T: P — F, P — T(P)
is well-posed if T is continuous. That is:
if P, == Py then lim T(Pn) = T(Po)
» The statistical problem is ill-posed if T is not continuous.

Parametric models : T is usually well-posed
Non-parametric models : T is often ill-posed
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Robustness versus consistency in ill-posed statistical problems

[ll-Posed Statistical Problems

‘P a set of probability measures
JF a metric space

Reformulation of Cueva's generalization of Hampel's theorem:

Theorem: If the statistical problem
T: P — F, P — T(P)
is ill-posed, then no estimator
S, . 2" = F, (z1y--,2n) = Sp(z1,...,2n)

can simultaneously be consistent and qualitatively robust.
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Robustness versus consistency in ill-posed statistical problems

Example: Density Estimation

P: the set of all probability measures P on (R, B¥)
with Lebesgue-density, denoted by

fo: RF = [0,00).
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Example: Density Estimation

P: the set of all probability measures P on (R, B¥)
with Lebesgue-density, denoted by

fo: RF = [0,00).

Theorem: (Cuevas) The statistical functional
T: P = LR, P— f

is discontinuous at every P € P.
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Robustness versus consistency in ill-posed statistical problems

Example: Density Estimation

P: the set of all probability measures P on (R, B¥)
with Lebesgue-density, denoted by

fo: RF = [0,00).

Theorem: (Cuevas) The statistical functional
T: P = LR, P— f

is discontinuous at every P € P.

Corollary: Let
X1,y Xn ~ P ilid.

and let S,, n € IN, be a sequence of density-estimators which is
(weakly) consistent for every P € P. Then, at every P € P, the
estimator S,,, n € IN, is not qualitatively robust.
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Robustness versus consistency in ill-posed statistical problems

What can be done: Idea 1

Use weaker properties:
consistency ~» risk-consistency
robustness ~» risk-robustness

Regression/Classification: (X1, Y1),...,(Xn, Yn) ~ Po iid.

Risk of a predictor f :  Rp,(f) = /L(y7 f(x)) Po(d(x,y))
consistency:
Sn LN T(Po) for n — oo
robustness:

small errors should not change the estimator too much
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Robustness versus consistency in ill-posed statistical problems

What can be done: Idea 1

Use weaker properties:
consistency ~» risk-consistency
robustness ~» risk-robustness

Regression/Classification: (X1, Y1),...,(Xn, Yn) ~ Po iid.

Risk of a predictor f :  Rp,(f) = /L(y, f(x)) Po(d(x,y))
Risk-consistency:

Rp, (Sn) LN Rp, (T(Po)) for n — oo
Risk-robustness:

small errors should not change the risk of the estimator too much
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Robustness versus consistency in ill-posed statistical problems

[ll-Posed Statistical Problems

Theorem: If the statistical problem
T: P — F, P — T(P)
is ill-posed, then no estimator
S, : Z2" —» F, (z1,--+,20) = Sp(z1,---,2n)

can simultaneously be consistent and qualitatively robust.
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Robustness versus consistency in ill-posed statistical problems

[ll-Posed Statistical Problems

Theorem: If the statistical problem
T: P — F, P — T(P)
is ill-posed, then no estimator
S, : Z2" —» F, (z1,--+,20) = Sp(z1,---,2n)
can simultaneously be consistent and qualitatively robust.
Theorem (Regression): If the statistical regression problem
T: P = F, P — T(P)
is ill-posed, then no estimator

Sn ((le}/I)a"'v(Xn»)/n)) = Sn((Xla)/1)>"‘7(Xna}/n))

can simultaneously be risk-consistent and qualitatively risk-robust.
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Robustness versus consistency in ill-posed statistical problems

What can be done: Idea 2

Qualitative Robustness: (Hampel ,1971)
A sequence of estimators (Sp)nen is called qualitatively robust if

VP Ye>0 36> 0 suchthat ¥ Q with dp,o(Q,P) < &

sup dpro(Sn(Q"), Sn(P")) < €
nelN
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Robustness versus consistency in ill-posed statistical problems

What can be done: Idea 2

Qualitative Robustness: (Hampel ,1971)
A sequence of estimators (Sp)nen is called qualitatively robust if

VP Ye>0 36> 0 suchthat ¥ Q with dp,o(Q,P) < &

sup dpro(Sn(Q"), Sn(P")) < €
nelN

Finite Sample Qualitative Robustness:
A sequence of estimators (S,)nen is called qualitatively robust if

VP Ve>0 VnelN 36,>0 such that ¥ Q with dpro(Q,P) < 6,

dpro (Sn(Q"), Sa(P™)) < &
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Robustness versus consistency in ill-posed statistical problems

Example: Nonparametric Regression

For example,
Y = fo(X)+g(X)e
with
» Y': output variable
» X : input variable

> fo: regression function (totally unknown)
> £ error term

» g heteroscedasticity (unknown)

Goal: Estimation of the unknown regression function f;
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Robustness versus consistency in ill-posed statistical problems

Regularized Kernel Methods

Y,' = fb(Xi)—f—g(Xi)&,’, (X,', Y,) ~ P i.i.d., i € {1, ey n}
Goal: Estimationof f5: X - Y C R
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Robustness versus consistency in ill-posed statistical problems

Regularized Kernel Methods

Y,' = fb(Xi)—l-g(X,')E,', (X,', Y,) ~ P i.i.d., i € {1, ey n}
Goal: Estimationof fp: X - Y CR

» Loss function
L: YxR — [0,00)

L(y, t): loss caused by estimation t = f,(x) if y is true
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Robustness versus consistency in ill-posed statistical problems

Regularized Kernel Methods

Y, = Kh(X)+e(X)ei, (X, Y) ~ P iid, ie{l,...

Goal: Estimationof fp: X - Y CR

» Loss function
L: YxR — [0,00)

L(y, t): loss caused by estimation t = f,(x) if y is true
» Risk of an estimate f, : X — R

/ L(y. f(x)) P(d(x, v))
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Robustness versus consistency in ill-posed statistical problems

Regularized Kernel Methods

Y, = Kh(X)+e(X)ei, (X, Y) ~ P iid, ie{l,...

Goal: Estimationof fp: X - Y CR

» Loss function
L: YxR — [0,00)

L(y, t): loss caused by estimation t = f,(x) if y is true
» empirical Risk of an estimate f, : X — R

EWITNAE)
i=1
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Regularized Kernel Methods

Y, = Kh(X)+e(X)ei, (X, Y) ~ P iid, ie{l,...

Goal: Estimationof fp: X - Y CR

» Loss function
L: YxR — [0,00)

L(y, t): loss caused by estimation t = f,(x) if y is true
» empirical Risk of an estimate f, : X — R

EWITNAE)
i=1

» RKHS H (certain Hilbert space of functions f : X — R)
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Robustness versus consistency in ill-posed statistical problems

Regularized Kernel Methods

Y, = Kh(X)+e(X)ei, (X, Y) ~ P iid, ie{l,...

Goal: Estimationof fp: X - Y CR

» Loss function
L: YxR — [0,00)

L(y, t): loss caused by estimation t = f,(x) if y is true
» empirical Risk of an estimate f, : X — R

EWITNAE)
i=1

» RKHS H (certain Hilbert space of functions f : X — R)
» Estimator

1
Sn((X17YI)a---7(Xn7Yn)) = argflng EZL(ylyf(Xl))
i=1
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Robustness versus consistency in ill-posed statistical problems

Overfitting

10
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Overfitting
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Robustness versus consistency in ill-posed statistical problems

Regularized Kernel Methods

Y, = Kh(X)+e(X)ei, (X, Y) ~ P iid, ie{l,...

Goal: Estimationof fp: X - Y CR
» Loss function
L: YxR — [0,00)

L(y,t): loss caused by prediction t if y is the true value
» empirical Risk of an estimate f : X - R

% Z L(y,-, f(x;))
i=1

» RKHS H (certain Hilbert space of functions f : X — R)

» Estimator
n

Sn((xl,yl),...,(x,,,y,,)) = argfing %ZL(y,-,f(x,-))

i=
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Robustness versus consistency in ill-posed statistical problems

Regularized Kernel Methods

Y, = Kh(X)+e(X)ei, (X, Y) ~ P iid, ie{l,...

Goal: Estimationof fp: X - Y CR

» Loss function
L: YxR — [0,00)

L(y,t): loss caused by prediction t if y is the true value
» empirical Risk of an estimate f : X - R

% Z L(y,-, f(x;))
i=1

» RKHS H (certain Hilbert space of functions f : X — R)
> Regularized kernel methods

n

. 1
Sa(ban)s s Gonym)) = argjnf =3 L(yi F(x)) + A7

=
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Robustness versus consistency in ill-posed statistical problems

Overfitting
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Robustness versus consistency in ill-posed statistical problems

Overfitting

0 2 4 6 8 10
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Robustness versus consistency in ill-posed statistical problems

Reproducing Kernel Hilbert Space (RKHS)

Regularized kernel methods
Sn . (X X y)n - H7

T
(s 91)s-- o (Ko ym) = arg inf, n;L(y;,f(x;)) + AIflIF

with H a reproducing kernel Hilbert space (RKHS)
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Robustness versus consistency in ill-posed statistical problems

Reproducing Kernel Hilbert Space (RKHS)

Regularized kernel methods
Sn . (X X y)n - H7

T
(s 91)s-- o (Ko ym) = arg inf, nz;L(y;,f(x;)) + AIflIF

with H a reproducing kernel Hilbert space (RKHS)

Reproducing kernel Hilbert space H
» a Hilbert space of functions f : X — R
» generated by a kernel function k: X x X - R

» reproducing property

(fok(x,)), = f(x) VxeX, VfeH

Robert Hable University of Bayreuth Page 25



Robustness versus consistency in ill-posed statistical problems

Example: Gaussian Kernel

Gaussian Kernel X = R

k: RxR — R, (x,x") exp(—v—lzx—x'yz)

H C Ly(P) dense
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Robustness versus consistency in ill-posed statistical problems

Example: Polynomial Kernel

Polynomial Kernel X = R

k: RxR — R, (6, x) = (x-x + )"

H = {f R — IR‘ f a polynomial with degree < m} ~ Rmt!
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Robustness versus consistency in ill-posed statistical problems

Representer Theorem

How to calculate the estimator?

D, = ((X17y1)’ RER) (Xna}/n))

Estimator

1S
fo,n = arginf =3 L(yi f(xi)) + AlfIR
i=1
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Robustness versus consistency in ill-posed statistical problems

Representer Theorem

How to calculate the estimator?

D, = ((X17YI)a RER) (Xna}/n))

Estimator

R
fo,n = afgflgfq ;ZL(Yiaf(Xi)) + MIfIIF
p

Representer Theorem

There are ap, 1,...,ap,» € R such that

n
fo,n = Y _op,ik(xi,) .
i=1

Robert Hable University of Bayreuth Page 28



Robustness versus consistency in ill-posed statistical problems

Representer Theorem

How to calculate the estimator?

D, = ((X17Y1)a RER) (Xn7Yn))

Estimator

R
fo,n = afgflgfq ;ZL(Yiaf(Xi)) + MIfIIF
p

Representer Theorem

There are ap, 1,...,ap,» € R such that

n
fo,n = Y _op,ik(xi,) .
i=1

— just solve a finite convex optimization problem
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Robustness versus consistency in ill-posed statistical problems

...and this really works?
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Robustness versus consistency in ill-posed statistical problems

...and this really works? Yes, quite good.
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...and this really works? Yes, quite good.
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...and this really works? Yes, quite good.
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Robustness versus consistency in ill-posed statistical problems

Risk-Consistency
Risk of a predictor f : X — R

Rp(f) = /L(y, f(x)) P(d(x,y)) = Quality of f

D, = (X1, Y1)+, (Xn, Ya))

Estimator:

1
fo,n = arginf — > L(Yi (X)) + Al fI
i=1
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Robustness versus consistency in ill-posed statistical problems

Risk-Consistency
Risk of a predictor f : X — R

Rp(f) = /L(y, f(x)) P(d(x,y)) = Quality of f

D, = (X1, Y1)+, (Xn, Ya))

Estimator:

fo,r, = arginf ;ZL (Yi (X)) + Al fI

Risk-consistency

Rp(fp,,) —— inf Rp(f) in probability

n—00 f:X—=R
essentially if
» H C Lp(P) dense (e.g. Gaussian kernel)
» X\, — 0 not too fast (!)
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Robustness versus consistency in ill-posed statistical problems

Robustness

Loss function L

g-insensitive pinball least squares
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Robustness versus consistency in ill-posed statistical problems

Robustness

Loss function L should be Lipschitz continuous

g-insensitive pinball least squares
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Robustness versus consistency in ill-posed statistical problems

Robustness

Loss function L should be Lipschitz continuous

' e-insensitive A ‘pinE)aII‘ A least sé]ualresl
Then: Regularized jernel methods are

» either risk-consistent
for Ap \( O

> or qualitatively robust
for A\p \y Ao > 0

But: always finite sample qualitatively robust
Hable & Christmann (2011)
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Robustness versus consistency in ill-posed statistical problems

What can be done: Idea 3

Goal: estimate a solution f*: X — R of
Rp(f) = min! f: X =R
or

i = in!
fIQLRP(f) min! feH.
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Robustness versus consistency in ill-posed statistical problems

What can be done: Idea 3

Goal: estimate a solution f*: X — R of
Rp(f) = min! f: X =R

or

| = in!
flgLRp(f) min! feH.

However, these optimization problems are ill-posed:
> either qualitatively robust or consistent

> there is no uniform rate of convergence to the solution

(without substantial assumptions on P)
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Robustness versus consistency in ill-posed statistical problems

What can be done: Idea 3

Goal: estimate a solution f*: X — R of
Rp(f) = min! f: X =R

or

| = in!
flgLRp(f) min! feH.

However, these optimization problems are ill-posed:
> either qualitatively robust or consistent

> there is no uniform rate of convergence to the solution

(without substantial assumptions on P)

» statistical inference is impossible
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Rates of Convergence

Risk-consistency

Rpe(fo,r,) —— inf_ Rp(f) in probability

n—o0 f:X—R
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Rates of Convergence

Risk-consistency

Rpe(fo,r,) —— inf_ Rp(f) in probability

n—o0 f:X—R

How fast is this convergence?

Is there a uniform rate r, such that
I’,-,(Rp(f[)n,)\n) - f:}(niRRP(f» — 0 in probability

for every P?
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Rpe(fo,r,) —— inf_ Rp(f) in probability

n—o0 f:X—R

How fast is this convergence?

Is there a uniform rate r, such that
I’,-,(Rp(f[)m)\n) - f:)lfniRRp(f)> — 0 in probability

for every P? —  No! (no-free-lunch theorem)
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Robustness versus consistency in ill-posed statistical problems

Rates of Convergence

Risk-consistency

Rpe(fo,r,) —— inf_ Rp(f) in probability

n—o0 f:X—R

How fast is this convergence?

Is there a uniform rate r, such that

r,,(Rp(fDm,\n)—f:)i(niRRp(f)> ——— 0 in probability

n—oo

for every P? —  No! (no-free-lunch theorem)

Instead,
rates r, of convergence under assumptions on P

e.g. Steinwart and Scovel (2007), Caponnetto and De Vito (2007), Blanchard
et al. (2008), Steinwart et al. (2009), Mendelson and Neeman (2010)
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What can be done: Idea 3
Goal: estimate a solution f*: X — R of
Rp(f) = min! f:X—=R
or

inf f) = min! feH.
flgHRp( ) min €
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What can be done: Idea 3

Goal: estimate a solution f*: X — R of
Rp(f) = min! f:X—=R

However, these optimization problems are ill-posed:
» either qualitatively robust or consistent
> there is no uniform rate of convergence to the solution
(without substantial assumptions on P)

» statistical inference is impossible

Idea 3: Do not try to solve ill-posed problems; pose them well!
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What can be done: Idea 3

Goal: estimate a solution f*: X — R of
Rp(f) = min! f:X—=R

or
fiQLRP(f) = min! feH.
However, these optimization problems are ill-posed:
» either qualitatively robust or consistent
> there is no uniform rate of convergence to the solution

(without substantial assumptions on P)

» statistical inference is impossible

Idea 3: Do not try to solve ill-posed problems; pose them well!
So, consider the regularized problem

Rp(f) + Xo|/f||3 = minl  feH.
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Smooth Approximation of the Regression Function

> Instead of estimating a solution f* : X — R of
Rp(f) = min! f:xX—="~R
we may estimate the solution fp ), of the regularized problem
Rp(f) + XollflIf = min! feH.

fp ), serves as a “smoother approximation” of f*.
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Smooth Approximation of the Regression Function

> Instead of estimating a solution f* : X — R of
Rp(f) = min! f:xX—="~R
we may estimate the solution fp ), of the regularized problem
Rp(f) + XollflIf = min! feH.
fp ), serves as a “smoother approximation” of f*.
» The regularized problem is equivalent to
Rp(f) = min! feH, |fln<n.

ro: bound on complexity of “smoother approximation”
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Example
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Example

A=0.01
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Example

A =0.001

0.0 0.5 1.0 15 2.0 25 3.0
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Example

A =0.0001
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Example

A =0.00001
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Example

A = 0.000001

0.0 0.5 1.0 15 2.0 25 3.0
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Asymptotic Normality of Regularized Problem

Under some
» assumptions on X, L, k (+» H), and Ap, — Ao
n—oo

> but (essentially) no assumptions on P,

we have
Vi(R(fouro,) = Rlfens)) ~ N(0.0%)
and, even more,

Vn(fo,xo, — fpre) ~ Gaussian process in H
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